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We contrast two approaches to calculating trans-Planckian corrections to the inflationary pertur- 
bation spectrum: the New Physics Hypersurface [NPH] model, in which modes are normalized when 
their physical wavelength first exceeds a critical value, and the Boundary Effective Field Theory 
[BEFT] approach, where the initial conditions for all modes are set at the same time, and modified 
by higher dimensional operators enumerated via an effective field theory calculation. We show that 
these two approaches - as currently implemented - lead to radically different expectations for the 
trans-Planckian corrections to the CMB and emphasize that in the BEFT formalism we expect the 
perturbation spectrum to be dominated by quantum gravity corrections for all scales shorter than 
some critical value. Conversely, in the NPH case the quantum effects only dominate the longest 
modes that are typically much larger than the present horizon size. Furthermore, the onset of the 
breakdown in the standard inflationary perturbation calculation predicted by the BEFT formalism 
is likely to be associated with a feature in the perturbation spectrum, and we discuss the observa- 
tional signatures of this feature in both CMB and large scale structure observations. Finally, we 
discuss possible modifications to both calculational frameworks that would resolve the contradictions 
identified here. 
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I. INTRODUCTION 

The possibility that "trans-Planckian" effects modify 
the conventional understanding of inflationary perturba- 
tions is one of the most active topics in very early uni- 
verse cosmology. However, after several years' work there 
is still no theoretical consensus regarding the status of 
quantum gravitational or stringy modifications to the in- 
flationary perturbation spectrum Many possi- 
ble models of trans-Planckian physics that modify the 
primordial perturbation spectrum have been examined, 
but none amount to an ab initio calculation in a well- 
motivated ultraviolet completion of Einstein gravity, such 
as a string theory. 

On dimensional grounds, we expect that the impact of 
"new physics" on the inflationary perturbations depends 
upon (H/M) p where H is the inflationary Hubble scale, 
M is the scale at which the new physics comes into play, 
and p depends on the specific model of trans-Planckian 
physics. We expect that M will be within one or two 
orders of the Planck scale. The inflationary scale is con- 
strained from above by the observational bound on ten- 
sor contributions to the Cosmic Microwave Background 
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[CMB] , but roughly speaking H is at or below the GUT 
scale. In some inflationary models H <C wi G ut and H/M 
is thus tiny, independently of the value of p. Even if 
H ~ to gut , we need p < 1 if it we are to disentangle any 
effect from uncertainties due to cosmic variance. 

We can foresee three possible outcomes to the trans- 
Planckian problem. 

1. Quantum gravitational effects could completely up- 
end our understanding of the generation of infla- 
tionary perturbations, and the primordial power 
spectrum can only be reliably computed after quan- 
tum gravitational effects are properly taken into 
account. 

2. A thorough calculation will show trans-Planckian 
physics has no detectable impact on the inflation- 
ary spectrum, either because p is large or H/M is 
very small. 

3. Trans-Planckian effects modify the standard infla- 
tionary calculation, but they are always subdomi- 
nant. 

Obviously any of these options would have immediate 
consequences for cosmology. The second is the most con- 
servative, but it would be extremely reassuring to know 
that the standard inflationary perturbation was not mod- 
ified by quantum gravitational effects, especially as we 
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are entering an era in which observational tests of infla- 
tionary models are increasingly precise. The third op- 
tion is perhaps the most immediately interesting, since 
it preserves one of the main predictions of inflation - an 
approximately scale-free spectrum of primordial pertur- 
bations - but still holds out the hope that astrophysical 
observations will one day permit string theory and/or 
quantum gravity to be tested in ways that are completely 
inaccessible to any imaginable terrestrial experiments. 
Finally, from a theoretical perspective the first option 
would be the most fascinating since it would imply that 
observational cosmology can directly test the stringy / 
quantum gravity regime but at the cost of being able 
to obtain a detailed prediction for the spectrum using 
presently available theoretical tools. 

Arguably, the most promising theoretical approach 
to the trans-Planckian problem that has been tried to 
date is the Boundary Effective Field Theory [BEFT] 
formalism developed by Schalm, Shiu, van der Schaar 
[2lL l25l| an d developed further in collaboration with 
Greene • Here, the machinery of effective field the- 

ory is used to identify all the possible higher-dimension 
operators that could modify either the initial state or 
subsequent evolution of the quantum mechanical fluctu- 
ations that grow into cosmological perturbations. The 
strength of the BEFT approach is that it formulates the 
problem in a well-controlled field theoretic context, and 
allows a self-consistent investigation of issues such as the 
back reaction of ultraviolet modes. In this picture, the 
details of the quantum mechanical corrections to "stan- 
dard" gravity are encoded in the coefficients of these op- 
erators, and the lowest order operator is found to modify 
the initial state of the perturbations by an amount pro- 
portional to H/M - corresponding to p = 1 and leaving 
open the possibility that the trans-Planckian physics may 
have observationally accessible consequences. 

Taking the spectrum derived by Schalm et al. at face 
value, we will see that it predicts that either the cosmo- 
logical perturbations are effectively identical to the stan- 
dard result, or that the corrections from trans-Planckian 
effects are of the same magnitude as the spectrum itself. 
In the latter case we would therefore need a full quantum 
gravitational calculation to make a reliable prediction for 
the spectrum. There is a small range of intermediate 
scales where the corrections associated with the mini- 
mum length are small but non-zero. Consequently, the 
BEFT formalism appears to imply that instead of a small 
correction to the usual inflationary spectrum (Option 
3, the outcome of many other approaches to the trans- 
Planckian corrections to the perturbation spectrum), we 
can expect either a dramatic modification to the spec- 
trum or no effect at all (Options 1 or 2). In Schalm et 
aVs calculation the scale at which the standard infla- 
tionary result breaks down is an arbitrary parameter, al- 
though it would presumably be predicted by an ab initio 
calculation. If this breakdown occurs at astrophysically 
interesting scales quantum gravity effects are dominant 
at all shorter scales, which will necessarily be inside our 



cosmological horizon. However, given that this form of 
the BEFT spectrum implies a radical breaking of the 
approximate time invariance of an inflating universe it 
is premature to conclude that we are faced with a choice 
between Options 1 and 2. Rather, this is a signal that the 
BEFT approach as it stands is incomplete, and provides 
additional motivation for constructing a BEFT formal- 
ism where the initial conditions are set on a momentum 
hyperplane, as is currently done in the New Physics Hy- 
persurface [NPH] formalism [l^.[T3T| . Also, note that with 
the benefit of hindsight, we can see that writes down a 
set of initial conditions corresponding to the choice made 
in the NPH analysis. 

A number of studies have addressed the observability 
of trans-Planckian corrections to the perturbation spec- 
trum Hl[ll E HJ S |2fj. This paper extends our 
recent analysis of the possible cosmological constraints 
that can be placed on the NPH formalism [2(|, as we 
explore the cosmological consequences of the BEFT for- 
malism, in order to better understand its astrophysical 
implications. In Section^we summarize the predictions 
of the BEFT formalism, contrast the results of calcula- 
tions based on the NPH approach, and discuss the role 
of the free parameters in the BEFT formalism. In Sec- 
tion [ffi] we look more carefully at the assumptions that 
go into setting the parameters for the BEFT model, and 
show that it is entirely possible (although not guaran- 
teed) that the BEFT model makes no detectable differ- 
ence to the standard inflationary perturbation spectrum. 
In Section HVI we briefly consider the possible impact of 
the BEFT-modified spectrum on the CMB and on the 
formation of large scale structure. In Section we look 
at possible ways in which the two approaches might be 
reconciled, and discuss whether the BEFT formalism is 
complete as it currently stands. We conclude in Section 
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II. THE BEFT AND NPH SPECTRA 

In the BEFT formalism, the spectrum is related to the 
usual Bunch-Davies result (Pbd) as follows |53 : 



P B EFT(k) = P BD (k) 
= Pbd (k) 
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Here (3 is an unknown coefficient of order unity that ap- 
pears in front of the leading-order irrelevant operator in 
the effective field theory computation. The scale of new 
physics is set by M which is assumed to be within a 
couple of orders of magnitude of the Planck scale, k is 
the comoving wavenumber, and Hi is the value of the 
Hubble constant during inflation. Finally, aj is the value 
of the scale factor upon the hypersurface where all the 
initial conditions are set in the BEFT approach. Here 
y = k/aH is a rescaled "time" variable that decreases 



from the large positive values towards zero during infla- 
tion, where the moment of horizon exit is (by definition) 
y = 1 28]. Compare this with the result obtained from 
the NPH formalism [H[l3|, 



P NP H(k) = P BD (k) 
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where y c here is the value of y when the physical wave- 
length of the mode first exceeds the minimum length 1 /M 
and e is the slow roll parameter, which goes to zero in 
the de Sitter limit. In this case y c ~ fc c is weakly scale 
dependent, since e <C 1 for realistic inflationary models. 
Note that in the spectra above we have suppressed an 
arbitrary phase that arises due to our ignorance of the 
detailed post-inflationary evolution and the consequent 
absence of a precise result for the moment of horizon exit 
during the inflationary era for a given comoving scale. 

When we compare the two cases, we see that while 
both formalisms lead to a modulated spectrum, the de- 
tails differ greatly. For the NPH model, the modulation 
decreases with increasing k, so we see a smaller devia- 
tion at short scales relative to that seen at longer ones. 
Moreover, since y c ~ {k/k+Y ~ e ei°g*/** ^ 1 + elog 
we see that the modulation is logarithmic in k. In the 
BEFT case, conversely, the amplitude of the modulation 
is growing linearly with k. Moreover, we see that the 
phase of the modulation is proportional to k, and is thus 
potentially much more rapid than in the NPH case, where 
the modulation if effectively a function of logfc. 

The physical difference between the two formalisms is 
shown schematically in Figure Q. In the NPH formal- 
ism, each mode is normalized when its physical wave- 
length is equal to 1/M. During inflation, H/M changes 
slowly, and so two modes with similar k will share a sim- 
ilar normalization. In the BEFT case all modes are nor- 
malized on the same spacelike hypersurface. Here long 
modes are already outside the horizon when a = ai and 
the BEFT calculation is understood as encoding all their 
previous evolution. Conversely, the short wavelength 
modes are normalized when they lie well inside the hori- 
zon and, in most cases, when their physical wavelength 
is much shorter than the minimum length 1/M. It is 
these modes, which have enough momentum on the ini- 
tial hypersurface to directly sample the trans-Planckian 
physics, for which the BEFT spectrum is not reliable. 

From an observational standpoint, the key difference 
between the two spectra is that in the NPH case the 
modes approach the Bunch-Davies vacuum at short 
wavelengths, whereas in the BEFT case the shorter 
modes depart further from the Bunch-Davies case than 
the long ones. In both models, the modulation is of order 
unity for some critical value of k, which we associate with 
a breakdown of the formalism used to do the calculation. 
In the NPH case, this corresponds to the minimal length 
being roughly equal to the horizon size. For the BEFT 
case, the amplitude of the correction grows with k, and 
while we may have a reliable result at large scales we have 
no prediction at all for the spectrum when yi > M/Hi/3. 
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FIG. 1: Schematic diagram of the initial conditions hyper- 
surfaces for the BEFT and NPH models of trans-Planckian 
physics. For the NPH case, the initial conditions are set when 
the wavelength a/k is equal to the minimum length 1/M, and 
all modes are normalized on a vertical timelike hypersurface. 
Conversely, in the BEFT case the initial conditions for all 
the modes are set on the same spacelike hypersurface, where 
a — ai. The physical wavelength of a given mode is measured 
by A. 



If the critical value of k corresponds to a very short wave- 
length (relative to astrophysical scales) then there will be 
a negligible correction at long scales. On the other hand, 
if the critical value of k is small enough to influence per- 
turbations that contribute to the microwave background, 
then we have no prediction at all for P{k) for modes that 
contribute to structure formation or the Lyman-a forest. 
Four representative BEFT modified spectra are shown in 
Figure @- The spectrum is always oscillatory, but the 
oscillation is faster for models where M 3> H. 



III. MATCHING TO ASTROPHYSICAL 
SCALES 

For a given choice of boundary hypersurface in the 
BEFT formalism, the frequency of the modulation 
is determined by the size of the mode relative to the 
horizon on the boundary hypersurface, and the ampli- 
tude of the modulation is determined by the size of the 
mode relative to the cutoff scale M. For modes of or- 
der the cutoff scale on the boundary hypersurface, we 
expect the modulation in the power spectrum to be of 
order unity for (3 ~ O(l). Note in particular that since 
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FIG. 2: Modification to the primordial power spectrum for four choices of parameters for the Boundary Effective Field Theory, 
chosen so that the modulation has an impact on the CMB. The plots show = 1, aiM — 1.4 Mpc -1 and M/H — 1 (black), 
10 (blue), 100 (purple), 1000 (orange). 
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FIG. 3: Modification to the CMB multipole spectrum for four choices of parameters for the Boundary Effective Field Theory. 
Parameter choices match those of Figure [2] 
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FIG. 4: Modification to the linear theory matter power spectrum for three choices of parameters for the Boundary Effective 
Field Theory. The plots show /3 = 1, a;M = 1.4 Mpc" 1 and M/H = 1 (black), 10 (blue), and 100 (purple). The single decade 
of k values for which the modulation is measurable and where the BEFT spectrum is reliable is 0.01 < k < 0.1. 
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the power spectrum is positive-definite, once the coeffi- 
cient k/(ciiM) becomes larger than one, this expression 
for the modulation breaks down. This is consistent with 
the expectation in effective field theory that we are not 
allowed to consider modes with wavelength shorter than 
the cutoff. So the modulation of the power spectrum 
in the BEFT formalism is largest for the shortest wave- 
lengths (i.e. the modes closest to the cutoff scale on the 
boundary hypersurface) and becomes small in the long- 
wavelength limit. This behavior is very different from the 
NPH case. In the NPH case, the modulation is largest for 
long- wavelength modes, i.e. modes which left the hori- 
zon earlier in inflation when the horizon size was closer 
to the cutoff scale. 

There is an inherent ambiguity in the BEFT prescrip- 
tion, corresponding to the freedom to choose the initial 
hypersurface, or, equivalently, a*. Naively, one might ex- 
pect that any physically measurable result like the mod- 
ulation of the power spectrum should be independent of 
our choice of a*, but the expression manifestly de- 
pends on a,. One possible way the dependence of the 
modulation on the choice of initial hypersurface might 
be modified is if different choices of a* result in a renor- 
malization of the effective coupling (3. In what follows, 
we will assume that (3 is an order-unity constant whose 
value does not depend on the choice of aj. With this 
assumption, the amplitude and frequency of the power 
spectrum modulation which we expect to observe in the 
CMB are strongly dependent on our choice of a,. We 
will return to the possibility of a running value of /3 in 
Section |V| 

For a given choice of initial hypersurface Oi, it is easy 
to calculate the physical size of a scale today in terms of 
its size on the boundary hypersurface, 



2/today _ ( a #)today 

Vi (aH)i 



(4) 



of the parameter iVj. Then we have 

Otoday _ ff t / \fmp\Hi 

Then the expression Q becomes 
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Here (ifj/mpi) ~ 10 4 is the ratio of the Hubble param- 
eter during inflation to the Planck scale. Therefore the 
scale corresponding to the CMB quadrupole is given by 
a scale on the initial hypersurface of order 
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Scales of order the horizon size today crossed out of the 
the horizon during inflation when y. 



quad 



1, or N ~ 62, 
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The question of a physically sensible choice of bound- 
ary hypersurface then translates into a physically sensi- 
ble choice of Ni . If we wish the BEFT calculation to be 
predictive on all astrophysical scales, this corresponds to 
a choice of boundary surface such that any mode which 
exits the horizon during inflation has wavelength larger 
than the cutoff on the boundary surface. Note that ob- 
servations of close quasar pairs may probe the Lyman-a 
forest down to 25 Mpc -1 [33| and if we can directly ob- 
serve the stochastic gravitational wave background pro- 
duced during inflation, we will be probing inflationary 
perturbations on scales corresponding to the last few e- 
folds of inflation. That is, the fluctuation mode which 
just exits the horizon at the end of inflation must be no 
smaller than the cutoff on the boundary surface, which 
corresponds to a condition on Nj of 



where y = k/(aH) is the size of a mode k relative to the 
horizon. The CMB quadrupole corresponds to a scale of 
order the current horizon size, ytoday ~ 1- The current 
scale factor a to day can be written in terms of the scale 
factor at the end of inflation a e , 
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where 7cmb = 2.7 K is the current CMB temperature, 
and the reheat temperature is Trh ~ s/Himpi, assuming 
instantaneous reheating. We can write a e in terms of the 
the scale factor on the initial hypersurface using the 
number of e-folds before the end of inflation, 
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Note that we use the usual convention of N = at the 
end of inflation, and growing as we go backward in time. 
We have just rewritten our freedom to choose ai in terms 
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Then the quadrupole scale on the boundary is: 
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and the amplitude of the modulation at the quadrupole 
is of order 



( SP(k) \ 

\P(k) / quad 
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If we select a, such that all fluctuations which exit the 
horizon during inflation have a power spectrum which 
is well-defined in the BEFT, we have an exponentially 
suppressed modulation on CMB scales. We are, however, 
free to choose our initial hypersurface earlier in inflation, 
i.e. at bigger Ni. If we pick the initial hypersurface to be 
the time when the quadrupole exits the horizon, Ni ~ 62, 
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the modulation of the power spectrum at the quadrupole 
is 



SP(k) \ 



10" 



M 



(13) 



If we take M ~ mp\ and Hi/mp\ ~ 10~ 4 , the modula- 
tion at the quadrupole is of order SP/P ~ 10~ 4 at the 
quadrupole, and grows to of order SP/P ~ 0.1 at around 
i = 1000 - an effect which would be easily observable, as 
we shall see in the next section. Moving to shorter wave- 
lengths, the modulation grows to of order unity at around 
I = 10, 000, and the BEFT formalism breaks down en- 
tirely for length scales shorter than that. The boundary 
BEFT therefore makes no prediction at all for pertur- 
bations on scales corresponding to large-scale structure 
surveys or observations the Lyman-alpha forest. 



IV. ASTROPHYSICAL IMPACT OF A 
BEFT-MODIFIED SPECTRUM 

We have seen in the previous section that the bound- 
ary BEFT formalism does not make a self-consistent pre- 
diction of the form of the primordial power spectrum on 
scales smaller than the cutoff scale, k > a^M. The BEFT 
cutoff is not a physically constant length scale, but a co- 
moving scale, since we are integrating out modes with 
momentum larger than k c = diM, which is constant in 
comoving units. This does not mean that modes shorter 
than the cutoff are unphysical, but simply that they are 
absorbed into higher-order operators by our choice of ex- 
pansion. This is a far more radical proposal than previ- 
ous attempts to incorporate trans-Planckian physics into 
the inflationary perturbation framework, which almost 
universally assume a cutoff with a fixed physical, rather 
than comoving, scale. In the BEFT formalism, modes 
with comoving momentum higher than k c — diM will be 
strongly influenced by quantum-gravitational effects, and 
therefore cannot be calculated using a low-energy effec- 
tive theory. If the comoving cutoff scale is large enough in 
current astrophysical units, we should be able to directly 
probe strongly quantum-gravitational effects by observ- 
ing cosmological structure. (The cutoff is imposed on 
the boundary surface and therefore applies to the initial 
state and not the subsequent dynamics: the cutoff on 
the dynamics of the theory is constant in physical, not 
comoving units.) 

The fact that existing structure surveys such as the 
2dF Galaxy Redshift Survey [UII1 and the Sloan Dig- 
ital Sky Survey |3l| are consistent with a scale-free pri- 
mordial power spectrum should put strong constraints on 
the nature of such physics. However, without a theory 
of the extreme ultraviolet behavior or an implementation 
of the BEFT formalism that is fully compatible with an 
expanding universe, it is impossible to do more than spec- 
ulate on the form such constraints might take. It is worth 
noting that Harrison and Zeldovich 0, |3^| originally ar- 
gued for a scale-free spectrum on very general grounds, 



and this expectation might well survive in a fully quan- 
tum gravitational calculation. However, the normaliza- 
tion and scale dependence of the spectrum predicted of 
the standard inflationary spectrum need not match the 
full quantum gravitational / stringy calculation required 
at short scales in the BEFT formalism. Thus, taking the 
BEFT of equation at face values suggests that we 
would expect to see a break in the primordial spectrum 
around k ~ a-iM . 

We can, however, self-consistently investigate the cos- 
mological effect of the trans-Planckian BEFT on modes 
with momentum lower than the comoving cutoff, k < 
a{M. The BEFT makes a definite prediction for the 
power spectrum modulation for such modes. Looking 
at equation |JI|I. the amplitude of the modulation rises 
linearly with k. If we adopt the rule of thumb that a 
modulation of less than 1% is unobservable, then there 
are only two decades in k for which the modulation is 
big enough to be seen, but for which the spectrum is still 
positive definite. This is true for any values we assign for 
(3, H, M or ai. Changing these will alter the value of k 
at which the breakdown occurs, but does not alter the 
linear dependence of the amplitude of the modulation on 
k. If this really is a perturbative expansion, we might 
guess that the next-order corrections will be on the order 
of 1% when the modulation is on the order of 10%, so we 
really only have one decade in k over which we have a re- 
liable expression for the spectrum as well as a measurable 
difference from the usual Bunch-Davies result. 

Looking at the the spectra plotted in Figures the 
average power is unchanged, so a very rapid oscillation 
is "smoothed out" when we look at its impact on any 
astrophysical process. However once the modulation of 
the spectrum is of the same order as the spectrum it- 
self, there is no guarantee that this averaging will be 
preserved, as higher order effects must come into play. 
Consequently, as noted above the naive astrophysical ex- 
pectation is that the spectrum will contain a "feature" 
in k space at k = k c . For k < k c we can look at the 
impact of the BEFT modulation on astrophysical phe- 
nomena but for k>k c we have no reliable prediction for 
the power spectrum. 

We now turn to the detectability of a BEFT-induced 
modulation via astrophysical probes of the primor- 
dial spectrum. Since the BEFT formalism (like most 
other trans-Planckian proposals) modifies the primordial 
power spectrum and not the detailed physics of recom- 
bination and the subsequent generation of temperature 
anisotropics, it is straightforward to calculate the result- 
ing anisotropics in the CMB generated by an underlying 
spectrum with the form of equation Q). Using a modified 
version of CAMB 1 we have plotted CMB power spectra 
for temperature anisotropies for four different choices of 
parameters, where the critical value of k has been cho- 



1 CAMB: http://camb.info/ 
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FIG. 5: Modification to the linear theory matter power spectrum for four choices of parameters for the Boundary Effective 
Field Theory, plotted along with error bars from SDSS. Parameter choices match those of Figure^ As a rough guide, WMAP 
probes k < 0.06 Mpc -1 , SDSS probes 0.015 Mpc -1 < k < 0.3 Mpc -1 , and the Lyman-a power spectrum probes 0.2 
Mpc -1 < k < 4 Mpc -1 . Note the observations of the Lyman-a forest for close quasar pairs may probe scales as short as 25 

Mpc- 1 m. 



sen to correspond to 1.4 Mpc -1 . Figure [3 shows the 
power spectrum modulation and Figure [21 shows the cor- 
responding modulation to the C/s. Here we can see the 
averaging effect in action - as the oscillation becomes 
more rapid, the impact on the C/s is reduced. Clearly, 
the influence of trans-Planckian effects on the CMB spec- 
trum can be strikingly large for a comoving cutoff suffi- 
ciently close to scales probed by the CMB. However, for 
sufficiently rapid oscillations, i.e., large enough k/(aiH), 
it is to be expected that logarithmic binning of the power 
spectrum in fc-space will tend to average over multiple os- 
cillations, and the oscillation will be unobservable. With 
this caveat, we can conclude that a generic feature of 
the BEFT is a large (between of order 10% and of order 
unity) modulation in the power spectrum near the co- 
moving cutoff scale. If the comoving cutoff scale is larger 
than the current scale of nonlinear structure (and per- 
haps much smaller than that), the modulation is likely 
to either be detected or definitively ruled out by near- 
future observations. 

If k c is at scales much shorter than those which can 
contribute to the CMB, it is still possible to see the 
impact of the BEFT corrected spectrum in either large 
scale structure observations such as the Sloan Digital Sky 
Survey (SDSS) |3lj . or in Lyman-a forest measurements 



[32l l33l| . One of the most startling successes of the stan- 
dard paradigm of structure formation is that the overall 
normalization of the primordial power spectrum obtained 
through observations of structures that have undergone 
non-linear gravitational collapse such as galaxies match 
those obtained from the linear perturbations in the CMB 
and Lyman-a clouds. Figure [S] shows four BEFT spec- 
tra with cutoff scales of 1.4 Mpc -1 plotted along with 
the current errorbars from the SDSS. While these spec- 
tra are consistent with the current SDSS data, as shown 
in Figure Hthey acquire order unity modifications to the 
matter power-spectrum around the cutoff scale. There- 
fore, for these models, a break in the power spectrum 
should be detectable in Lyman-a data. If the BEFT 
calculation is correct and if k c corresponds to any scale 
between a few hundred kiloparsecs and the present size 
of the visible universe, it is very likely we will soon have 
compelling evidence for this in the form of a large fea- 
ture in the power spectrum. Conversely if k c is very 
much larger than any of these scales, then the impact of 
trans-Planckian physics is forever unobservable via the 
primordial power spectrum. 
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V. RESTORING TIME INVARIANCE 

Perhaps the most surprising feature of the BEFT for- 
malism is that the modulation to the power spectrum 
depends strongly on the choice of initial hypersurface. In 
an effective field theory description of low-energy physics, 
it is typical to expect a dependence of the effective La- 
grangian on the choice of cutoff scale M, but using the 
BEFT prescription in an expanding spacetime adds an 
additional dependence on when one chooses to apply the 
boundary condition. Physically, this corresponds to the 
time invariance of a de Sitter universe being badly broken 
where BEFT corrections are added to the fundamental 
perturbation spectrum. By contrast, the NPH approach 
respects the time invariance of the original background 
- in the de Sitter limit, the NPH spectrum renormalizes 
the exactly scale-free de Sitter spectrum by a small fac- 
tor, but it does not induce any scale dependence. The 
modulation seen in the NPH spectrum arises from the 
slowly changing value of H - a weak breaking of time 
invariance that is endemic to slow roll inflation. 

It is thus of interest to investigate the consequences 
of broken time invariance in the BEFT formalism, and 
whether we can impose the condition that the modula- 
tion is independent of the choice of initial hypersurface. 
Expressing the modulation for a given wavenumber k in 
terms of yi = k/{aH)i, we can write the modulation as 



6P_ 



1 + ViPiVi 



El 

M 



sin (2yi), 



(14) 



where we have allowed the constant [3 to be a function 
of our choice of initial hypersurface (3 — (3(yi). This is 
bound to be a very rough analysis, since this expression 
is lowest-order in what is formally an infinite series of ir- 
relevant operators with independent coefficients f3. How- 
ever, it will give us a qualitative idea of the change in 
the power spectrum modulation resulting from the im- 
position of time-invariance on the effective field theory 
expansion. The simplest case is de Sitter space, where 
H = const.. If the modulation for a given mode k is 
independent of the initial hypersurface, then 



_d_ 



SP 



^ sin (2^)1 = 0, (15) 



with the trivial solution 



A) 



(16) 



Hi sin (2y l )' 

This expression becomes large for sin (2yi) — ► 0, indicat- 
ing a breakdown of the effective field theory expansion 
which will be especially acute for modes near the cutoff 
k — aM, for which j/j > 1 and the power spectrum mod- 
ulation is rapidly oscillating. However, we expect this 
expression for the running of (3 to be valid for a range of 
modes near horizon crossing on the initial hypersurface, 
t/i<l, and 



,,2 ' 



(17) 



With this running of (3, the fc-dependence of the mod- 
ulation is suppressed, and the power spectrum simply 
receives a change in normalization, 



5P , a ( H 

7 = 1 + Mm 



(18) 



This can be generalized to the case of non-de Sitter evo- 
lution by using the relation |36j 



d 1 d 

dy~ ~ y(l-e)dN' 



(19) 



where N is the number of e-folds until end of inflation, 
and 



-1H 



(20) 



is the first slow roll parameter. We can then use the flow 
function relation 



dH 

In 



= He 



to write 



Hi 
M 



<x Vi 



e/(l-e) 



(21) 



(22) 



We can then write the modulation of the power spectrum 
as: 

^ = i + (§) _ i yl /{1 - e) P{yi) sin (2 W ) , (23) 

where {H/M) y —\ is the ratio of the cutoff scale to 
the horizon size evaluated at the time the mode with 
wavenumber k exited the horizon, y = k/(aH) = 1. De- 
manding that this expression be independent of yt results 



(24) 



which is now a fc-dependent modulation, since H/M 
varies with time. We can use the well-known result 2 



k=aH 



to write the power spectrum modulation as: 



6P n s i a (H\ ( k 



(25) 



(26) 



2 Note that, despite appearances, Eqs. 1221 and 1251 are not in 

conflict, since the former is evaluated for a fixed k, and the latter 
is evaluated for different fc-modes at horizon crossing. 
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Note that we now have a logarithmic dependence of the 
modulation on k, and the amplitude of the modulation 
decreases at short wavelengths. We can compare this to 
the NPH solution J3J) by noting that the parameter y c 
depends on k as [13| 

,27 ' 

We can then write the NPH power spectrum modulation 
© as: 

^^-^K^^m^) ^ sin[2yc(fc)M28) 

We then see that the constraining the EFT modulation 
to be independent of the choice of initial hypersurface 
gives a modulation amplitude of the same order as that 
of the NPH formalism, and with the same logarithmic k- 
dependence. However, we do not recover the periodicity 
of the modulation using this rough analysis. It would be 
interesting to perform a more sophisticated analysis in- 
corporating hypersurface- independence into the full EFT 
formalism to determine the detailed form of the modu- 
lation. A self-consistent EFT description incorporating 
with this property is, however, likely to be problematic, 
since it will necessarily involve the introduction of a sec- 
ond physical scale H into the EFT expansion |3gj . 



VI. CONCLUSIONS 

The purpose of this paper has been to carefully com- 
pare the astrophysical consequences of the NPH and 
BEFT approaches to calculating the trans-Planckian cor- 
rections to the power spectrum of primordial perturba- 
tions. The observability of NPH- induced corrections to 
the power s pect rum was carefully examined by us in |26| , 
and also in [l!j. That analysis focused on the CMB, but 
since the correction to the spectrum is a slowly changing 
function of the comoving wavenumber k, including high 
quality information from Large Scale Structure surveys 
or the Lyman-a forest will improve the chances of detect- 
ing a trans-Planckian modulation, but will not introduce 
any qualitatively new features. 

The BEFT formalism predicts that the amplitude of 
the modulation increases linearly with k, and thus it can 
be undetectably small at some scales of astrophysical in- 
terest, but induce a correction of order unity at wave- 
lengths two orders of magnitude smaller. If this break- 
down occurs in the range of k values that source struc- 
ture at cosmological scales, then we will can expect to 
see a large feature in the CMB spectrum at the k value 
where the breakdown occurs, and the spectrum at shorter 
scales can only be computed via a full quantum gravity / 
stringy calculation. In the NPH approach, we expected a 
small but hopefully observable correction to the standard 
inflationary expectation for the primordial spectrum. In 



the BEFT approach, the spectrum is either effectively 
unmodified or will be dominated by new physics. 

Our analysis does not break new ground in the BEFT 
approach itself, but rather carefully explores the conse- 
quences of the spectrum derived by Greene, Schalm, Shiu 
and Van der Schaar in [23. The cosmological conse- 
quences are potentially extreme, in that the corrections 
to the spectrum can be of the same order as the spectrum 
itself. In the light of our apparently startling conclusions 
it is worth reflecting on the overall applicability of the 
BEFT approach within cosmological spacetimes. The 
key conceptual problem is that there are two mutually 
incompatible defintions of "large scale" in this problem. 
From the BEFT side, we expect the approach to break 
down at high momenta - which is to say at short wave- 
lengths or large values of k, as is the case in any field 
theory with a cut-off. From the cosmological perspective, 
however, the controlling parameter is H/M, and this pa- 
rameter (slowly) decreases as the universe inflates, lead- 
ing us to expect a greater contribution from high energy 
effects on very long wavelength perturbations - as is seen 
in the NPH case. Our application of the power spectrum 
modulation calculated in Ref. [23 over many decades 
in k is in this sense too literal: cosmology forces us to 
extend the formalism into regimes where it is known to 
break down. Given any choice of boundary hypersurface, 
only two decades of modes with wavelength longer than 
the UV cutoff will reside within the horizon. It is not 
at all clear how to self-consistently treat modes outside 
this comparatively narrow range of scales. With this in 
mind, we looked more carefully at the freedom that exists 
inside the BEFT formalism for "running" in the param- 
eter P to restore some of the time invariance of the de 
Sitter case that is broken when BEFT effects are incor- 
porated. We make a crude phenomenological analysis 
of this issue, showing that an appropriately running cou- 
pling does in fact restore some of the time invariance and 
that when this is done, the BEFT and NPH approaches 
coincide far more closely. As noted in Section re- 
solving this problem will require creating effective field 
theory methods that remain self-consistent even in an 
expanding universe. As it stands, however, our analysis 
highlights the risks implicit in using the BEFT spectrum 
of equation over a large range of k values. Despite the 
considerable theoretical appeal of the BEFT formalism, 
the self-consistent BEFT calculation of trans-Planckian 
modifications to the full cosmological perturbation spec- 
trum remains an open question. 



Acknowledgments 

We are grateful to Christophe Ringeval for advice on 
modifying CAMB to remove ^-space interpolation in or- 
der to produce the CMB spectra plotted in this paper. 
We thank Amjad Ashoorioon, Robert Brandenberger, 
Scott Buries, and Eugene Lim for a number of discus- 
sions. We are particularly grateful to Brian Greene, 



11 



Koenraad Schalm, Gary Shiu and Jan Pieter van der 
Schaar for many fruitful discussions about the BEFT 
formalism, and their insights have contributed signifi- 
cantly to this paper. RE is supported in part by the 
United States Department of Energy grant DE-FG02- 



92ER-40704. HVP is supported by NASA through Hub- 
ble Fellowship grant #HF-01177.01-A awarded by the 
Space Telescope Science Institute, which is operated by 
the Association of Universities for Research in Astron- 
omy, Inc., for NASA, under contract NAS 5-26555. 



R. H. Brandenberger, arXiv:hep-ph/9910410 
C. L. Bennett et al, Ast rophys. J. Suppl. 148, 1 (2003) [20 
arXiv:astro-ph/0302207 . 

A. Kempt", Phys. R ev. D 63, 083514 (2001) [21 
arXiv:astro-ph/0009209 . 

J. Martin and R. H. Brandenberger, Phys. Rev. D 63, [22 
123501 (2001) arXiv:hep-th/0005209 . 

R. H. Brandenberger and J. Martin, Mod. Phys. Lett. A [23 
16, 999 (2001) arXiv:astro-ph/0005432 . 

J. C. Niemeyer, Phys Rev. D "637 123502 (2001) [24 
arXiv:astro-ph/0005533 . 

A. A~ Starobinsky, Pisma Zh. Eksp. Teor. Fiz. [25 
73, 415 (2001) [JETP Lett. 73, 371 (2001)] 
arXiv:astro-ph/0104043 . [26 
R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, 
Phys. Rev. D 64, 103502 (2001) arXiv:hep-th/0104102 . [27 
R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, 
Phys. Rev. D 67, 063508 (2003) arXiv:hep-th/0110226 . [28 
J. C. Niemeyer and R. Parentani, Phys. Rev. D 64, 
101301 (2001) [arXiv:astro-pn /0101451 .0 [29 
A. Ke mpf and J. U. Niemeyer, P hys. Rev. D 64, 103501 

(2001) arXiv:astro-ph/0103225 . 

U. H. Danielsson, Ph ys. Rev. D 66, 023511 (2002) [30 
arXiv:hep-th/0203198 . 

R. Easther, B. R. Greene, W. H. Kinney and G. Shiu , [31 
Phys. Rev. D 66, 023518 (2002) arXiv:hep-th/0204129 . 
N. Kaloper, M. Kleban, A. E. Lawrence and S. Shenker, [32 
Phys. Rev. D 66, 123510 (2002) arXiv:hep-th/0201158 . [33 
R. H. Brandenberger and J. Martin, Int. J. Mod. Phys. 
A 17, 3663 (2002) arXiv:hep-th/0202142 . [34 
J. Martin and R. Brandenberger, Phys. Rev. D 68, [35 
063513 (2003) arXiv:hep-th/0305161 . 
L. Bergstrom and U. H. Danielsson, JHEP 0212, 038 [36 

(2002) [arXiv:hep-th/0211006| . [37 
O. Elgaroy and S. Hannestad, Phys. Rev. D 68, 123513 

(2003) arXiv:astro-ph/0307011 . [38] 
T. Okamoto and E. A. Lim, Phys. Rev. D 69, 083519 



P. van der Schaar, 



Sriramkumar, 



(2004) [arXiv:astrc-ph/0312284] . 

J. Martin and C. Ringeval, Phys. Rev. D 69, 083515 
(2004) [arXiv:a stro-ph/031038'2]. 
K. Schalm, G. Shiu and J. 
|arXiv:hep-th/0401164| 
S. Shankaranarayanan and 
arXiv:hep-th /0403236 

J. Martin and C. R ingeval, JCAP 0501, 007 (2005) 
arXiv:hep-ph/0405249 . 

B. R. Greene, K. Schalm, G. Shiu and J. P. van der 

Schaar, JCAP 0502, 001 (2005) arXiv:hep-th/0411217 . 

K. Schalm, G. Shiu and J. P. van der Schaar, AIP Conf. 

Proc. 743, 362 (2005) arXiv:hep-th/0412288 . 

R. Easther, W. H Kinney and H. Peiris, 

arXiv:astro-ph/0412613 

B. Greene, K. Schalm, J. P. van der Schaar and G. Shiu, 
arXiv:astro-ph/0503458 
W. H. Kinney, Phy s. Rev. D 56 
arXiv:hep-ph/9702427 . 
W. J. Percival et al. [The 2dFGRS 
Mon. Not. Roy. Astron. Soc. 327 



2002 (1997) 



Collaboration] , 
1297 (2001) 



arXiv:astro-ph/0105252 . 
5! Cole et al. [The 



2dFGRS Collaboration] 



arXiv: astro-ph/050 1 1 74 

M. Tegmark et al. [SDSS Collaboration], Astrophys. J. 

606,702 (2004) arXiv:astro-ph/0310725 . 

U. Seljak et d., |arXiv:astro-ph/0407372| 

A. Lidz, L. Hui, A. P. S. Crotts and M. Zaldarriaga, 

arXiv:astro-ph/0309204 

E. R. Harrison, Phys. Rev. D 1, 2726 (1970). 

Y. B. Zeldovich, Mon. Not. Roy. Astron. Soc. 160, 1 

(1972). 

W. H. Kinney, arXiv:gr-qc/0503017 

W. H. Kinney, Phys. Rev. D 66, 083508 (2002) 
arXiv:astro-ph/0206032 . 

K. Shalm and J. P. van der Schaar, private communica- 
tion. 



